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I Spike Trains Data(Spiking NN) and Point Processes 

                      
 Biological Systems

      

         

Biological System Spiking System

Spike Trains Data
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 Image Analysis 
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 Event Driven Signal Analysis: Level Crossings

X t( )
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   Local Intensity 
! t( )
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• Inference from Level Crossings
                          Lindgren: Statistical Science, 2019
                          Pawlak: IEEE Signal Processing, 2023 
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                                   Wolfgang Maass 

                 

Spiking Neural Networks 
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-------------------------------------------------------------------------
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   !Neural Networks

     attack problems with 10 million parameters and try to 
     get an answer  

  !  Statistics 

           attack problems with a simple model and try 
           to get it right 

Spike Trains Data/Spiking NN ! Statistics 
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II Classification for Point Processes (Spike Trains Data)

1. Bayes Rule and Risk

Classification Problem

Tt1 tN

X = t1,..., tN ,N[ ]
!1

! 2••
• • • •

"1 t( )

"2 t( )

# 1

# 2
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Classification Problem

Tt1 tN

X = t1,..., tN ,N[ ]
!1

! 2••
• • • •

"1 t( )

"2 t( )

# 1

# 2

!2 t( )

!1 t( )
Pr spike in t ,t + "t( ) |X #$1%& '( ) !1 t( )"t

Pr spike in t, t + "t( ) |X#$ 2%& '( ) !2 t( )"t
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Intensity Function 

Intensity Intensity

                     E N t,t + !t( ) |H t( )"# $% & ! t |H t( )( )!t

               H t( ) - the history of all events up to time t
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The Likelihood Function

The occurrence density of counting process N t( ) with the  
intensity function ! t( )

                                       X = t1,...,tN ,N[ ]                          N = N T( )

                           f x( ) = ! ti( )exp ! ! u( )du
0

T

"( )  
i=1

N

#

*Daley, Vere-Jones: An Introduction to the Theory of Point Processes
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 Bayes Rule 

!  Bayes Rule in Terms of Local Intensities                     !1 = ! 2                    

                     ! !
T  : X !!1   if  log

!1 ti( )
!2 ti( )

!

"#
$

%&i=1

N

! ""

                                                                        !

                                                     ! = "1 u( ) ! "2 u( )( )du
0

T

"

                                           • ! = "1 u( )! "2 u( )( )du
0

T

" + log # 2

#1

#
$%

&
'(

 •
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!  Bayes Rule in Terms of Stochastic Integrals  

                   ! !
T  : X !!1   if  log

!1 t( )
!2 t( )

!
"#

$
%&0

T

' dN t( ) ( "

                   
             A1:     • !i t( )  - deterministic functions, i = 1,2
                        •   dNi t( ) = !i t( )dt + dMi t( )
                        •  Mi t( ) = Ni t( )! !i s( )ds

0

t

"   - martingale

                                                   !
                        •   Poisson processes with intensity functions
                          !i t( ), i = 1,2 .     (Watanabe Th.)
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!  Bayes Rule in Terms of Stochastic Integrals 

                         ! !
T  : X !!1   if  UT X( ) !!T

         •  UT X( ) = log
!1 t( )
!2 t( )

!
"#

$
%&
dM t( )

0

T

'
             zero mean martingale

         •  !T = "1 t( )! "2 t( )( )dt
0

T

" + log
"1 t( )
"2 t( )

#
$%

&
'(
" t( )dt

0

T

"  

                                                                    ! t( ) =
!1 t( )  if X !"1

!2 t( )  if X !" 2

"
#
$

%$
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!  Shape Densities & Intensity Factors 

               •  !1 t( ) = !1 t( )
!1 u( )du

0

T

"
!1 u( )du

0

T

"
p1 t( ) #1

               !1 = E N1 T( )!" #$

                •  !2 t( ) = p2 t( )" 2                                        ! 2 = E N2 T( )!" #$

Example: !1 t( ) = ! t( )  and !2 t( ) = µ! t( )                                          µ > 0

                            ! p1 t( ) = p2 t( ) ,  ! 2 = µ!1
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!Bounds   UT X( ) !!T                         KT p || q( ) = log
p t( )
q t( )

!
"#

$
%&
p t( )dt

0

T

'       

                                                           KT • || •( ): KL divergence

       •  X !!1: !
!1 !! 2( )2

! 2
!!1KT p1 || p2( ) "!T " !!1KT p1 || p2( )

                                                                        

       • X !! 2 : ! 2KT p2 || p1( ) !"T !
!1 "! 2( )2

!1
+! 2KT p2 || p1( )

Note:   !1 = ! 2 = !  !
                             !1 : !T = !"KT p1 || p2( )
                             ! 2 : !T = "KT p2 || p1( )
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!Bounds   UT X( ) !!T                             UT X( ) = log
!1 t( )
!2 t( )

!
"#

$
%&
dM t( )

0

T

'

                                      VT p || q( ) = log2 p t( )
q t( )

!
"#

$
%&
p t( )dt

0

T

' : KL variation

KT p || q( ) ( VT p || q( )

   • X !!1: 
  

!1 KT p1 || p2( )+ log !1
! 2

!
"#

$
%&

'
(
)

*
+
,

2

- var UT X( )./ 01 - !1 VT p1 || p2( ) + log !1
! 2

!
"#

$
%&

'
(
)

*
+
,

2

 • X !! 2 : 

! 2 KT p2 || p1( )+ log ! 2
!1

!
"#

$
%&

'
(
)

*
+
,

2

- var UT X( )./ 01 - ! 2 VT p2 || p1( ) + log ! 2
!1

!
"#

$
%&

'
(
)

*
+
,

2
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Note: 
                     A2:  0 < ! ! "i t( ) !C , for all t ! 0

       • X !!1:  !1 log
2 "
C

!
"#

$
%& ' var UT X( )() *+ ' !1 log

2 C
"

!
"#

$
%&

       • X !! 2 : ! 2 log
2 "
C

!
"#

$
%& ' var UT X( )() *+ ' ! 2 log

2 C
"

!
"#

$
%&
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!Asymptotic 

                      A3: 1
T

!i s( )ds
0

T

! " d > 0  as T !" , i = 1,2

d log2 !
C

!
"#

$
%& ' limT var

1
T
UT X( )(

)*
+
,-
' limT var

1
T
UT X( )(

)*
+
,-
' d log2 C

!
!
"#

$
%&
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Bayes Risk

        RT
! = 1

2
P UT X( ) "!T |X #! 2$% &' +

1
2
P UT X( ) <!T |X #!1$% &'

  Lemma (Le Guevel, 2021, CRM): Let N t( )  be the counting process 

                 allowing the martingale decomposition 

                                   dN t( ) = ! t( )dt + dM t( )

              

P g t( )dM t( )
0

T

! " #$
%&

'
()
* 2exp +

# 2

2vT + #uT

$

%
&

'

(
)

g2 t( ), t( )dt
0

T

! * vT g t( ) * uT
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Theorem 1 

      •Under A1 + A2+ A3 + A4

                                  RT
! !

1
2
exp "CTT( )

      •   CT ! 1
3
d
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Assumption A4

                                   !1 s( )! !2 s( ) ds
T0

"

# > 0

     

!1 t( )!2 t( )

T0
t

                                      !1 s( )! !2 s( ) ds
T0

"

# = 0
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Example 

                                  

!2 t( )

!1 t( )
1

T0

A

T
t

••

           

            X !! 2   if  
!2 ti( )
!1 ti( )i=1

N T( )

! exp !1 s( )ds " !2 s( )ds
0

T

#0

T

#$%&
'
()
*1

        ! T( ) = P "2 ti( )
"1 ti( )i=1

N T( )

! exp "1 s( )ds " "2 s( )ds
0

T

#0

T

#$%&
'
()
*1|X +#1

$

%
&

'

(
)
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                      ! T( ) = P N T0( ) > A !1( )T0
log A( ) |X ""1

#

$
%

&

'
(

                                                   !

                                ! T( ) = 1
j!

j> A!1( )T0
log A( )

" T0
je!T0

                           ! T( ) is a constant for T > T0



29

Example:  •  ! t;"( ) = 1.6 + cos #
4 3

t +"!
"#

$
%&
+ 0.5cos #

3 2
t + #
4
+"!

"#
$
%&

                           !1 t( ) = ! t;"1( ),  !2 t( ) = ! t;"2( )
 

!1 t( ) = ! t;
"
16

#
$%

&
'(

!2 t( ) = ! t;
"
2

#
$%

&
'(
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                         !1 t( ) = ! t;"1( ),  !2 t( ) = ! t;"2( )           

R!
T

T

                               
 • The slow decay of R!

T  for close intensities: !2 /!1 = 2 .

 • The fast rate for distant intensities: !2 /!1 = 16 . 
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      •                  !1 t( ) = ! t;"1( ),  !2 t( ) = ! t;"2( )

                           !1 t( ) = ! t;r1( ),  !2 t( ) = ! t;r2( )
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                                    R!
T  versus T
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  •   ! t;c,d( ) = cexp !d t ! 0.5( )2"# $%  !   !i t( )dt
0

!

" < !     

                      

                 

•   limTRT
! > 0  
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3. Nonparametric Classification Rules

   !  Bayes Rule    ! !
T  : X !!1   if  WT X( ) !!T

                                                                                

                      •  !T = "1 !" 2 + N log
" 2
"1

"
#$

%
&'

      

                      •  WT X( ) = log
p1 ti( )
p2 ti( )

!

"#
$

%&i=1

N

'                                                          
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 !  Training Set: DL = X1,Y1( ),...., XL ,YL( ){ }                                      

                  

!1 ! 2

L1

L2

L1 + L2 = L

T
•

•
T

                   X j = t1
j[ ],...,t

N j[ ]
j[ ] ,  N j[ ]!" #$   ,   Yj ! !1,! 2{ }
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  !  Plug-In Rules   

                !! L ,T  : X !!1   if  W! L ,T X( ) !!! L ,T                X = t1,...,tN ,N[ ]

                      •  !! L ,T = "!1 !"! 2 + N log
"! 2
"!1

"

#$
%

&'
      

                      •  W! L ,T X( ) = log
p!1 ti( )
p! 2 ti( )

!

"
#

$

%
&

i=1

N

'         
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 !Estimates Based on Data Aggregation

                     •  !!1 =
1
L1

N j[ ]1 Yj ="1( )
j=1

L

!

                        !! 2 =
1
L2

N j[ ]1 Yj =" 2( )
j=1

L

!

                     •  p!1 t( ) = 1
L1

p!1
j[ ]
t( )1 Yj =!1( )

j=1

L

!

                        p! 2 t( ) = 1
L2

p! 2
j[ ]
t( )1 Yj =! 2( )

j=1

L

!
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 !Bayes Risk Consistency 

        •  The Conditional Risk 

                           RL ,T = P !! L ,T X( ) ! Y |DL
"# $%

       •  BRC

                            RL ,T ! RT
"   as L!"  P( )



39

Theorem 2

      Consider the plug-in classification rules such that  
   

                   supt! 0,T[ ] p
!
i t( )" pi t( ) # 0as L!"  P( )   i = 1,2

      Then
                             RL ,T ! RT

"   as L!"  P( )

Note: Helly’s Theorem for the Stieltjes Integral  
    
             fn x( )! f x( )  uniformly on 0,T[ ]  and g!BV 0,T[ ]

                               ! fn x( )dg
0

T

! " f x( )dg
0

T

!
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4. Kernel Classifiers  

 •  The kernel estimate from the single realization 

                          p! i
j[ ]
t( ) = 1

N j[ ] Kh t ! tl
j[ ]( )

l=1

N j[ ]

"              Kh t( ) = 1
h
K t

h
!
"#

$
%&

 •  The kernel estimate from the aggregated data 

                        p! i t( ) = 1
Li

p! i
j[ ]
t( )1 Yj =! i( )

j=1

L

! ,  i = 1,2
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•  Uniform Convergence for the Kernel Estimate 

           • !i t( )  - Lipschitz on ! +        
           • K t( )  - Lipschitz on !1,1[ ]
           • h L( )! 0  and 

Lh L( )
log L( )!"

       Then

                      supt! ! ,T "![ ] p
!
i t( )" pi t( ) # 0  as L!"  P( )   i = 1,2     

Note: Need the boundary corrected kernels 
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Example: !1 t( ) = ! t;"1( ), !2 t( ) = ! t;"2( )  , !2 /!1 = 4 .
      

T

R L,TE RL ,T!" #$

    •  h  !  data driven choice by max log-likelihood
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     •                  !1 t( ) = ! t;"1( ),  !2 t( ) = ! t;"2( )

                           !1 t( ) = ! t;r1( ),  !2 t( ) = ! t;r2( )
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                                 E RL ,T!" #$  versus T
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5. Extensions

!  Rates ! 
                                RL ,T = RT

! +OP L"!( )

!  Inference from the Single Realization 

   •  Aalen Multiplicative Models 

              O. Aalen. Nonparametric inference for a family of counting processes. The Annals 
                           of Statistics, 1978.
         
                                       !i t( ) = µ" i t( ) , µ!
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!  Multi-Class Problem: !1,"1 t( )( ),...., ! c ,"c t( )( )

      ! !
T  : X !! i   if  log

!i ts( )
!k ts( )

!

"#
$

%&s=1

N

! " ! ik   for all k ! i

                                                         !

                                                         ! ik = "i u( )! "k u( )( )du
0

T

! + log # k

# i

!
"#

$
%&
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!  Random Intensities 

                     !! t( ) = !0 + g t " ti( )
ti<t
#   = !0 + g t ! s( )

0

t

" dN s( )

   R. Lima. Hawkes processes modeling, inference, and control: an overview. SIAM 
                   Review, 2023.
 



49

References 

•  A. Cholaquidis, L. Forzani, P. Llop, L. Moreno. On the classification problem for Poisson 
    point processes. Journal of Multivariate Analysis, 2017. 
     

•X. Rong and V. Solo. On the error rate of classifying point processes.  60th IEEE Conference 
    on Decision and Control, 2021. 
    

•  M.Pawlak.  Bayes risk consistency of nonparametric rules for spike trains data, 
     IEEE IT, 2024.  



50

                        Dziekuje  !

            

   
                       


